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We show that vortices appear in the modes of an astigmatic optical cavity when it is put into 
rotation about its optical axis. We study the properties of these vortices and discuss numerical 
results for a specific realization of such a set-up. Our method is exact up to first order in the 
time-dependent paraxial approximation and involves bosonic ladder operators in the spirit of the 
quantum-mechanical harmonic oscillator. 



I. INTRODUCTION 

Rotation is a very natural source of vorticity: when a 
glass of water is stirred, a vortex appears at the center. 
Such a vortex is a singularity of the water current and it is 
of the same type as the vortex that appears above a sink. 
When a glass of water is put into uniform rotation, for 
instance by placing it on a turntable, the water current 
vanishes at the rotation axis but is not singular. It has 
been known for over half a century that this is different in 
case of a superfiuid [l| . Due to the zero viscosity of, and 
the vortex quantization in, a superfiuid, uniform rota- 
tions induce a regular pattern of equally charged vortices. 
Vortices appear only if the rotation frequency exceeds a 
certain critical value and their number increases if the 
rotation frequency is further increased. Eventually rota- 
tion may destabilize the superfiuid. More recently, simi- 
lar experiments have been performed with Bose-Einstein 
condensates of dilute gasses both by optically stirring the 
condensate [H and by trapping it in a rotating elliptical 
potential 

During the past decades, optical vortices and their 
propagation have attracted a significant amount of at- 
tention 0, [5I, 0, 0, 0] • An optical vortex is a singularity 
of the phase of an optical beam and is characterized by 
its position in the transverse plane, its topological charge 
and its morphology. The vortex charge is determined by 
the total phase change 27Tq along a contour around the 
vortex center and must be integer for reasons of continu- 
ity. As opposed to the vortices that appear in superfluids 
and Bose-Einstein condensates, optical vortices can be el- 
liptical; their morphology is characterized by the partial 
derivatives of the beam profile close to the vortex center 
and can be represented by a point on a sphere [9]. The 
polar angle on the sphere determines the degree of el- 
lipticity while the azimuth angle fixes the orientation in 
the transverse plane. The interplay between astigmatism 
and the propagation of optical vortices may give rise to 
very rich behaviour [TO, [HI, [lH • The dynamics of optical 
vortices in a laser cavity has also been studied [Tsj . 

In view of the recent interest in effects of rotating ele- 
ments on optical beams fl3 and the physical properties 
of rotating mode patterns [i5[, the above-mentioned ex- 
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amples of rotationally-induced vortices in material sys- 
tems raise the question if and how rotation induces vor- 
ticity in light fields. In this paper we address this topic 
by studying the optical properties of a two-mirror cav- 
ity that is put into rotation about its optical axis. This 
set-up is schematically drawn in Fig [TJ We expect an 
effect of rotation only if the cavity lacks rotational sym- 
metry. In analogy with the rotating elliptical potential 
in which Bose-Einstein condensates can be trapped, we 
break the rotational symmetry by taking at least one of 
the mirrors cylindrical or astigmatic. In the absence of 
rotation, such a cavity has astigmatic Hermite- Gaussian 
modes [16|, which have lines of zero intensity (line dis- 
locations) in the transverse plane. We show that rota- 
tion deforms the cavity modes into generalized Gaussian 
modes [17] and that the line dislocations are deformed 
into optical vortices (point singularities in the transverse 
plane). We study the properties of these rotationally- 
induced optical vortices. 

This paper is organized as follows. In the next sec- 
tion we briefly review the propagation of optical fields 
through time-dependent systems and focus on the spe- 
cific case of a rotating astigmatic cavity. We discuss the 
ladder-operator method that we apply to obtain explicit 
expressions of the rotating cavity modes 0] . In the third 
section we use the approach that is discussed in Ref. [l^ 
to characterize the degrees of freedom associated with the 
astigmatism and vorticity of the rotating cavity modes. 
We apply the analogy with the quantum-mechanical har- 
monic oscillator to derive analytical expressions of the ro- 
tating cavity modes. These are used to discuss some gen- 
eral properties of the vortices that appear in the modes. 
In the fourth section we show and discuss some numerical 
results for a specific realization of a uniformly rotating 
two-mirror cavity. 



II. PARAXIAL WAVE OPTICS BETWEEN 
ROTATING MIRRORS 

A. Mode propagation in rotating cavity 

The mathematical description of the propagation of 
light through optical systems simplifies significantly if the 
paraxial approximation is applied. This approximation is 
almost always justified in experimental set-ups with op- 
tical beams. In the present case of a rotating cavity, we 



must account for effects that arise from the time depen- 
dence of the mirror settings. Assuming that the rotation 
frequency Q is much smaher than the optical frequency a;, 
we use the generahzation of the paraxial approximation 
to the time-dependent case [20|. In this approximation, 
the electric field is purely transverse. For a propagating 
mode it can be written as 

E(r,t) = Re{Eoeu{r,t)e'^'-''^'} , (1) 

where Eq is the amplitude of the field, e is the transverse 
polarization, k is the wave number and co = ck is the 
optical frequency with c the speed of light. The complex 
scalar profile u{r^ t) characterizes the large-scale spatial 
structure and slow temporal variations of the field. It 
obeys the time-dependent paraxial wave equation 

f ^0 . d 2ik d \ , X ^ 

(v^ + 2^fc- + — -jn(p,^,t) = 0, (2) 

with p = (x, y) and = d'^/dx'^ + d'^/dy'^ is the trans- 
verse Laplacian. If we omit the derivative with respect 
to time, this equation reduces to the standard parax- 
ial wave equation. This equation has the same form as 
the Schrodinger equation for a free particle in 2D+1, z 
playing the role of time. It describes the diffraction of a 
freely propagating stationary paraxial beam. The time 
derivative in Eq. ([2]) accounts for the time dependence of 
the profile and incorporates retardation between distant 
transverse planes. 

In addition to diffraction, the propagation of the light 
inside a cavity is governed by the boundary condition 
that the electric field must vanish on the mirror surfaces. 
In case of a rotating cavity this boundary condition is 
explicitly time dependent. A natural way to eliminate 
this time dependence is by transforming to a co-rotating 
frame, where it is sufficient to consider the behaviour of 
time-independent propagating modes v{r). The transfor- 
mation that connects the profile in the rotating frame to 
the profile in the stationary frame can be expressed as 

U{p, Z, t) = Urot{^t)v{p, Z) , (3) 

where VL is the rotation frequency and t/rot(<^) = 
exp(— ial/^) is the operator that rotates a scalar function 
over an angle a about the z axis with Lz = —i{xdy — ydx) 
the z-component of the orbital angular momentum oper- 
ator. Substitution of the rotating mode (|3|) in the time- 
dependent paraxial wave equation ([2]) yields the wave 
equation for v{p^ z) 

(v^ + 2ifc^ + ^4)t;(p,^) = (4) 

In the rotating frame, the retardation term is replaced by 
a Coriolis term, which is familiar from particle mechanics. 
Since Vp and Lz commute, the formal solution of the 
paraxial wave equation in the rotating frame (|4]) can be 
expressed as 

v{p, z) = tf,{z)U,ot f-— ) v{p, 0) ^ (J{z)v{p, 0) , (5) 
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FIG. 1: Schematic plot of the set-up that we study in this pa- 
per: an astigmatic two-mirror cavity that is put into rotation 
about its optical axis. The rotation frequency is denoted 
and zq indicates the transverse reference plane. 

where Ui[z) = exp (|f V^) is the propagator correspond- 
ing to the time-independent paraxial wave equation and 
describes free propagation of a paraxial beam in a sta- 
tionary frame. The operator U{z) has the significance of 
the propagator in the rotating frame. The rotation op- 
erator arises from the Coriolis term in Eq. (|4]) and gives 
the propagating modes a twisted nature. 



B. The modes of a rotating cavity 

In a stationary cavity, modes are usually defined as 
stationary solutions of the time-dependent paraxial wave 
equation ([2]) that vanish on the mirror surfaces [l^ . The 
transverse profiles of these modes are reproduced after 
each round trip up to a Gouy phase factor exp(— zx)? 
which determines the resonant wave numbers. From Eq. 
([1]) it follows that the electric field picks up a phase 2k L — 
X, where L is the mirror separation, after each round trip 
so that the resonance condition reads 2kL — x = ^Trg' 
with g G Z. The necessary and sufficient condition for 
a stationary cavity to have long-lived modes is that it 
is geometrically stable, i.e. that the round-trip Gouy 
phases x are real so that the magnification | exp(— ix)| is 
equal to 1. 

Since a rotating cavity is time-dependent, we cannot 
expect time-independent modes in this case. A natural 
and continuous generalization of the mode criterion to 
the rotating case is to require that the modes adopt the 
time-dependence of the cavity, i.e. that they rotate along 
with the mirrors. These modes are time-independent in 
the co-rotating frame so that they obey Eq. (|4]) and 
vanish on the mirror surfaces. Though the interplay be- 
tween rotation and stability gives rise to surprisingly rich 
behaviour, geometrically stable rotating two- mirror cav- 
ities exist [21]. In a recent paper we have developed an 
analytical-algebraic method to find explicit expressions 
of these modes [18]. The method involves two pairs of 
bosonic ladder operators in the spirit of the quantum- 
mechanical harmonic oscillator that generate a complete 
and orthogonal set of cavity modes. In a given transverse 
reference plane, which we take close to the first mirror 
and denote by ^ = 2:0 as is indicated in Fig. [U the profiles 
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of the cavity modes can be expressed as 
Vnlml ^ ^ ^ ^ 

(6) 

where a\{zo) and alizo) are the two raising operators in 
the reference plane. The fundamental mode voo{zo) is 
fixed up to a phase factor by the requirement that act- 
ing on it with the corresponding lowering operators must 
give zero, i.e. ai(zo)voo(^o) = ^2(^0)^00(^0) = 0. The 
ladder operators are linear combinations of the position 
operators p = (x^y) and the conjugate momentum oper- 
ators kO = — zVp with k the wave number of the mode. 
The expectation values < v\p\v) and < v\6\v) have the 
significance of the average transverse position and the 
average propagation direction of the beam. The posi- 
tion and propagation direction operators obey canonical 
commutation relations [p^, kOj] = iSij^ where the indices 
i and j run over the x and y and with Sij the Kronecker 
delta function. In the reference plane zq the lowering 
operators can be expressed as 

ai{zo) = (ti{zo)p - ri{zo)0^ , (7) 

where the index i runs over 1 and 2. The complex vectors 
ti{zo) and ri{zo) have two components and are chosen 
such that Pi = (ri, U) is an eigenvector of the round-trip 
ray matrix in the co-rotating frame. In the present case 
of an astigmatic optical cavity, this is a real 4x4 matrix, 
which can be expressed as 

Mrt = Ml • M(L) . M2 • M(L) , (8) 

where M{z) = Mf{z) • Mrot{—^z/c) is the ray matrix 
that corresponds to U {z) and describes free propagation 
in the co-rotating frame, Mf (z) is the ray matrix that de- 
scribes propagation in a stationary frame and Mrot(<^) is 
the ray matrix that describes a rotation over an angle a 
in the transverse plane. The ray matrices Mi ^2 describe 
the mirrors 1 and 2 respectively and are fully determined 
by their radii of curvature and orientation in the trans- 
verse plane. These ray matrices are generalizations of 
the standard 2x2 ray matrices, which can be found in 
any textbook of optics, to the astigmatic case. Explicit 
expressions of the 4x4 ray matrices are given in Ref. 

L18]. 

As opposed to the unitary propagator U{z) and the 
rotation operator Urot{c^)^ which act in the Hilbert space 
of transverse modes, ray matrices describe real linear 
transformations in the transverse phase space (p, 0). For- 
mally speaking, this phase space is a symplectic manifold 
and the real and linear transformations that preserve its 
mathematical structure form the real symplectic group 
5'p(R, 4). Symplectic groups and various physically rel- 
evant aspects of symplectic geometry have been studied 
in detail, see for instance Ref. [22]. The ladder operators 
act in the mode space, but since they are constructed 



from the ray vectors pi = {vi^U) and transform accord- 
ingly, the algebraic properties of the round-trip ray ma- 
trix dSI) are essential for the ladder operator approach 
to be applicable. From these properties, it follows that 
its eigenvalues are either real or pairwise complex conju- 
gate phase factors [23]. The rotating cavity is geomet- 
rically stable only in the latter case. In this case, the 
corresponding pairwise complex conjugate eigenvectors 
Ml, 2 = (^1,2,^1,2) and PI 2 = (^1,25^1,2) can be chosen 
such that 

ri{zo)tj{zo) - ri{zo)tj{zo) = , (9) 

and 

rUzo)tj{zo) - r,(zo)t*(zo) = 2z% , (10) 

where the indices i and j take the values 1 and 2. The 
complex conjugate eigenvectors pi 2 generate the rais- 
ing operators d\ 2 according to Eq. ([7j) and the special 
properties of the eigenvectors (|9l [T0|) guarantee that the 
ladder operators obey bosonic commutation relations 

[ai{zo),aj{zo)] = and [ai{zo), a]{zo)] = Sij , (11) 

where the indices i and j run over 1 and 2, so that the 
modes ([6]) form a complete and orthonormal set in the 
reference plane. 

The four eigenvalues of the round-trip ray matrix ([8]) 
can be written as exp(ixi,2) and exp(— ixi,2), where xi,2 
are the round-trip Gouy phase that are picked up by the 
lowering operators. They determine the resonant wave 
numbers for the (n, m) cavity mode according to 

2/cL-xi (^n + -X2 (^m + = 2^g , qeZ. (12) 

The ladder operators that generate the rotating cav- 
ity modes in an arbitrary transverse plane can be con- 
structed according to Eq. ([7j) and its hermitian conju- 
gate by using that the ray vectors pi = (r^, U) transform 
according to 

--)(;;&!) 

The properties given by Eqs. ([9|) and (p!Q|) are preserved 
under this transformation so that the ladder operators 
obey the bosonic commutation relations (pTj) in all trans- 
verse planes. So far, we have considered only the mode 
that propagates from left to right (from mirror 1 to mir- 
ror 2 in Fig. [T|). By using the ray matrix that de- 
scribes one of the mirrors (say mirror 2), one can con- 
struct the ladder operators that generate the modes that 
propagate in the opposite direction: (r^(z), tp(z)) = 
M{zo^L- z)M2M{zo^ L - z) {rf {z) , t^^ {z)) . The ac- 
tual field inside the cavity is a linear combination of the 
left and right propagating modes and can be expressed 
as 

E„„(r,t) = Re{ - iEoe{vZ^{p, z)e"''-''^' - 

C™(p,^)e-''=^-^-*)}, (14) 
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FIG. 2: The Hermite-Laguerre sphere, which describes the 
degrees of freedom associated with the nature of higher- 
order paraxial optical modes. Each point (0hl,^hl) corre- 
sponds to a complete and orthonormal set of modes; the poles 
(^HL — 0, tt) correspond to Laguerre- Gaussian modes while 
points on the equator (^hl = ^/2) correspond to Hermite- 
Gaussian modes. Intermediate values of the polar angle ^hl 
give rise to generalized Gaussian modes. The azimuth an- 
gle (/)HL determines the orientation of the higher-order mode 
patterns in the transverse plane. 




FIG. 3: A stationary cavity has inversion symmetry so that 
it is equivalent to its mirror image (the dashed line indicates 
the mirror plane). Since the rotation direction changes under 
inversion, this is not true of a rotating cavity. 



where the minus sign accounts for the fact that a mode 
changes sign when it is reflected by a mirror. In the rest 
of this paper, we focus on the mode profile Vnm rather 
than on the actual cavity field (fT4|) . since this is the profile 
that would be measured in any realistic experiment. The 
expressions of modes that we have given in this section 
hold in the co-rotating frame, the corresponding expres- 
sions of the rotating mode patterns Unm{pi z^t) in the 
stationary frame can be obtained by applying Eq. ([3|). 



III. LADDER OPERATORS AND VORTICES 

A. Analytical expressions of the modes 

In order to give more explicit expressions of the rotat- 
ing cavity modes (|6|), we combine the vectors ri,2 and 



ti^2 in two matrices, which are defined as 

RW = -,(:■«) an. TW =(;.<:>), 

(15) 

where the factor — i is introduced for notational conve- 
nience. The special properties (j9l[T0]) can be summarized 
as 

R^T-T^R = and RtT + TtR = 2 (16) 

As was mentioned already, the fundamental mode 
vqq{p^z) is fixed by the requirement that acting on it 
with both lowering operators must give 0. The two first 
order differential equations that are thus obtained have 
the solution 



^oo(p, ^) = y ^^^^^^^^ {-kp^S{z)p/2) , (17) 

where S = R~^Tisa2x2 matrix. It makes sense to de- 
compose it into its real and imaginary parts S = Sr + iSi. 
The matrices Sr and Si respectively characterize the 
astigmatism of the Gaussian intensity and phase pat- 
terns. From the properties of R and T ([16]) it can be 
shown easily that S is symmetric and that its real part 
Sr is positive definite so that the mode profile is square- 
integrable. The profile in Eq. (pTj) has been normalized 
properly. In order to characterize the other degrees of 
freedom, it is convenient to rewrite the 2;-dependent low- 
ering operators ([7j) as 

By using Eq. (p!6|) we find that R'^'R = so that 
R(z) can be written as cr{z)S{z)r , where a is a uni- 
tary 2x2 matrix. Notice that Sr is real, symmetric and 

— 1/2 

positive definite so that Sr is well-defined. By mak- 
ing use of the operator identity e^Be~^ = 5 + [A, 5] + 
^[[A, [A, 5]] + ... and the canonical commutation rela- 
tions [p, kO] = i6ij we find that 

iSiP + ie = e-^^^Sip/2^gi/cpSip/2 ^^g) 

so that the dependent lowering operators can be ex- 
pressed as 

1 2^^°^ 

By introducing real scaled coordinates p^ = V^S^^p = 
{x' ^y') that account for the astigmatism of the intensity 
pattern, the product of \/k/2 and the linear combination 
of p and between the brackets takes the form of the low- 
ering operators of a dimensionless quantum-mechanical 
harmonic oscillator in 2D+1. From right to left, both 
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the z-dependent lowering operators ([2Q|) and the corre- 
sponding raising operators a\ 2 first remove the curved 
wave front, then modify the mode pattern and eventu- 
ally restore the wave front again. The unitary matrix a 
describes the additional degrees of freedom, which char- 
acterize the nature of the higher-order modes. Overall 
phase factors in the rows of a are physically irrelevant 
and without loss of generality we can fix its determinant 
such that (J G SU (2). Since a is unitary, its rows are not 
independent and we can write 

' = ( -% K ) • 

with |(Jajp + Icr^yp. In complete analogy with the Poincare 
sphere for polarization vectors (or the Bloch sphere for 
spin- 1/2 states) the degrees of freedom associated with 
the complex vector {(Jx^cry) can be mapped onto the 
so-called Hermite-Laguerre sphere [l9|. As is indicated 
in Fig. [21 every point on the sphere corresponds to 
two pairs of bosonic ladder operators that generate a 
complete set of higher-order modes. In this respect, 
it is different from the Poincare and Bloch spheres, on 
which every point corresponds to a single state. The 
poles on the Hermite-Laguerre sphere correspond with 
{(Jx^cFy) = (l,±i)/\/2 and yield ladder operators that 
generate Laguerre-Gaussian modes. Points on the equa- 
tor correspond to {cFx^cFy) = (cos (/>, — sin (/>) and give 
rise to Hermite- Gaussian modes. Intermediate values of 
the polar angle < 6>hl < 7r/2 correspond to general- 
ized Gaussian modes [17|. The azimuth angle 0hl fixes 
the orientation of the higher-order mode patterns in the 
transverse plane. The rows of a ([2T]) correspond to an- 
tipodal points on the sphere so that it is, strictly speak- 
ing, sufficient to consider one of the hemispheres only. In 
general, the separation of the degrees of freedom in terms 
of symmetric matrix S, which characterizes the astigma- 
tism, and the unitary matrix a, which determines the 
nature of the higher order modes, is local in the sense 
that only holds in a single transverse plane z. The evolu- 
tion of (J under propagation and optical elements depends 
on the astigmatism and vice versa. 

Using the defining identity of the Hermite polynomials 
i7n(x) exp(— x^/2) = (x— exp(— x^/2) and the bino- 
mial expansion (a + h)^ = J^^^q {p)(^^b^~^ fo^ b] = 
the higher order modes can be expressed as 

..„.(p',.) = e-'V2-VsrV^s.srVV/2^ 

p=0 q=0 ^ ^ / 

Hk^l{x')Hn^m-k-l{y) , (22) 

where p' = {x' ^y') are the scaled coordinates that 
account for the astigmatism of the intensity pattern. 
The above expression holds in the co-rotating frame. 
The corresponding expressions for the rotating modes 
Unm{p' ^ z^t) in the stationary frame, can be obtained by 
applying Eq. (|3|). 



B. Vortices in higher order modes 

As is indicated in Fig. [3l a stationary two-mirror cav- 
ity has inversion symmetry so that it must have the same 
modes as its mirror image. In the non-degenerate case, 
this implies that the mode profiles close to the mirrors are 
real apart from the overall curved wave fronts [2^ . Since 
this symmetry property holds for modes of all order, it 
implies that the higher-order modes of a stationary cavity 
close to the mirrors must be Hermite-Gaussian. Hermite- 
Gaussian modes do have line dislocations (lines along 
which the phase jumps by tt) in the transverse plane, 
but do not have vortices (phase singularities). 

Rotation obviously breaks the inversion symmetry of 
a stationary cavity. As a result, the modes of a rotating 
cavity have additional phase structure. The fundamental 
mode attains a twist; though the electric field vanishes 
on the mirror surfaces, its wave fronts do not fit the local 
curvature of the mirrors. From Eq. (fT7|) . it is clear that 
no vortices can appear in the fundamental mode. Vor- 
tices appear as zeros of the polynomial part of the profile 
of the higher order modes ([22|) . Due to the rotation of the 
cavity, the line dislocations in the higher-order Hermite- 
Gaussian modes are deformed into elliptical vortices. 

From the fact that a ([2T]) is a unitary matrix, it fol- 
lows that the two raising operators a[ 2 generate vortices 
with opposite charge. As a result, the vortices that ap- 
pear at the center of the vqi and vio modes have equal 
but opposite topological charges ±1. Since both vortices 
are spherical (canonical) in the scaled coordinates, their 
morphologies are determined only by the astigmatism of 
the intensity pattern. In general, the raising operators 
split, displace and introduce vortices in the cavity modes 
so that the vortex pattern in the higher-order modes ([22|) 
can be very complicated. More explicit expressions have 
been given only in limiting cases [TO, [HI • 

The fundamental mode contains only even powers of 
the position coordinates p = (x, y) and is even under 
inversion in the transverse plane: p ^ —p. The lad- 
der operators are linear in the position and propagation 
direction operators and are obviously odd under this in- 
version. It follows that the rotating cavity modes ([22]) are 
even or odd, depending on the parity of the total mode 
number n + m. Odd modes have a vortex at the center 
of the mode patterns, whereas even modes in general do 
not. 



IV. EXAMPLES 

In this section we illustrate the rotational effects on the 
structure of two-mirror cavity modes by further investi- 
gating a specific example. We focus on a cavity consisting 
of a stationary spherical and a rotating cylindrical mir- 
ror, which is the simplest realization a uniformly-rotating 
two-mirror cavity. The radius of curvature of the spheri- 
cal mirror is taken 41/, with L the mirror separation while 
the radius of curvature of the cylindrical mirror is cho- 
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FIG. 4: False-color intensity and phase patterns of the modes 
of a cavity consisting of a spherical and a stationary (left) and 
rotating (right) cylindrical mirror. The radius of curvature of 
the spherical mirror is equal to 4L, with L the mirror separa- 
tion. The radius of curvature of the cylindrical mirror is equal 
to 2L. The plots show the mode patterns in the co-rotating 
frame close to the spherical mirror and the cylindrical mirror 
is flat in the vertical direction. In the right plots, the rotation 
frequency is equal to Qo/10 with Qo = ctt/L. 



sen 2L. This cavity is geometrically stable for rotation 
frequencies up to l^o/6, where = ctt/L, with c the 
speed of light, is frequency corresponding to the cavity 
round-trip time [2l|. 

In the absence of rotation, the modes of the cavity 
Unm are defined as the stationary solutions of the time- 



dependent paraxial wave equation ([2]) that vanish on 
both mirror surfaces. The transverse intensity and phase 
patterns close to the spherical mirror of the zeroth, first 
and second order modes of the cavity are plotted in the 
left column of Fig. [H Though the astigmatism is dif- 
ferent in other transverse planes (in particular close to 
the cylindrical mirror), the modes are Hermite-Gaussian 
in all transverse planes. Their phase structure clearly re- 
flects the fact that the wave fronts fit the curvature of the 
(spherical) mirror. The phase jumps of 27r, which appear 
along circles in the transverse plane, are an artifact of 
the definition of the phase of the beam and are not phys- 
ical. The phase jumps of tt, however, which arise from 
the Hermite polynomials in Eq. ([22|) and appear along 
horizontal and vertical lines in the transverse plane, are 
physical and could be measured interferometrically. 

If the cylindrical mirror is put into rotation, the mode 
structure changes significantly. The modes of a rotating 
cavity are defined as co-rotating solutions of the time- 
dependent paraxial wave equation ([2j), or equivalently 
solutions of Eq. (|4|), that vanish on the mirror sur- 
faces. In the co-rotating frame, propagating modes at- 
tain a twist due to retardation, which is reflected by the 
Goriolis term in Eq. (|4|). The effect of rotation on the 
intensity and phase patterns of the zeroth, first and sec- 
ond order cavity modes is illustrated in the right column 
of Fig. m for which the rotation frequency is equal to 
Qq/IO. The mode patterns are clearly affected by ro- 
tation. The intensity patterns become more similar to 
Laguerre-Gaussian modes and have obviously the struc- 
ture of generalized Gaussian modes. Though the electric 
field vanishes on the mirror surfaces, the wave front no 
longer fit their local curvature. This is most apparent in 
case of the fundamental mode vqo, where the curves of 
constant phase close to the spherical mirror have become 
elliptical. The non-parallel orientation of the elliptical in- 
tensity and phase patterns of the fundamental mode vqo 
reflects its twisted nature. The higher-order modes also 
attain a twist. Moreover, vortices appear in their phase 
patterns. The results confirm that the vortices in the vqi 
and have opposite charges and that only modes with 
odd n-\-m have a vortex at the center. In the modes with 
equal mode numbers n and m, the total vortex charge is 
equal to zero so that the curves of constant phase that 
contain all vortices are closed. 

Due to a combined symmetry that survives rotation, 
the intensity patterns of the rotating modes are aligned 
along the axes of the cylindrical mirror while the phase 
patterns are not [l^. As a result the azimuth angle 
on the Hermite-Laguerre sphere 0hl , which specifies the 
orientation of the higher-order mode patterns, does not 
depend on the rotation frequency. This is not true for 
the polar angle ^hl, which specifies whether the modes 
are Hermite-Gaussian, Laguerre-Gaussian or generalized 
Gaussian modes and is a measure of their vorticity. Its 
dependence on the rotation frequency Q is shown in Fig. 
[5l In general, the characterization of the cavity modes 
in terms of a vector on the Hermite-Laguerre sphere is 
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Scaled rotation frequency Q / 

FIG. 5: Dependence on the rotation frequency Q of the polar 
angle ^hl on the Hermite-Laguerre sphere for a cavity con- 
sisting of a spherical and a rotating cylindrical mirror. The 
characterization of the modes in terms of ((/)hl,^hl) is local 
and the plot specifies the nature of the higher-order modes in 
the transverse plane close to the spherical mirror. 



local and the plot in Fig. [5] characterizes the higher- 
order cavity modes close the the spherical mirror. The 
plot confirms that, due to the fact that rotation breaks 
the inversion symmetry of a stationary cavity, the cavity 
modes are continuously deformed from Hermite- Gaussian 
modes in the stationary case into generalized Gaussian 
modes in the rotating case. For not too large values of the 
rotation frequency, the rotationally induced vorticity is 
proportional to the rotation frequency. For larger values 
something surprising happens: at some point, the vor- 
ticity starts to decrease with increasing rotation frequen- 
cies and eventually the modes become Hermite- Gaussian 
again. This is due to the fact that this cavity is desta- 
bilized by rotation at a rotation frequency fto/6. At this 
point, the modes lose their confinement in one of the 
transverse directions (in this case in the vertical direc- 
tion, i.e. the direction in which the cylindrical mirror is 
flat) so that the elliptical vortices are stretched to be- 
come line dislocations again. Though the vorticity in the 
modes disappears if this transition is approached, the or- 
bital angular momentum diverges at this point due to 
the diverging astigmatism In specific cases, rota- 

tion can also stabilize a cavity that is unstable in the 
absence of rotation. In such cases we expect the opposite 
behaviour. Due to the rotation of the cavity, we retrieve 
Hermite- Gaussian modes at the point where the cavity is 
stabilized, while mode deformation and induced vorticity 
appear for even larger values of the rotation frequency. 



V. CONCLUSION AND OUTLOOK 

In this paper, we have applied a ladder operator 
method to study the vortices that appear in the modes of 
an astigmatic two-mirror cavity when it is put into rota- 
tion about the optical axis. The modes of a rotating cav- 
ity are defined as solutions of the time-dependent parax- 
ial wave equation ([2]) that rotate along with the cavity 



and vanish on the mirror surfaces. This mode criterion is 
a continuous generalization of the requirement that the 
modes of a stationary cavity are stationary solutions of 
Eq. ([2]) that vanish on the mirror surfaces. The rotat- 
ing cavity modes are stationary solutions in a co-rotating 
frame where mode propagation is twisted due to the fi- 
nite speed of light. Due to this twist, rotation deforms 
the astigmatic Hermite-Gaussian modes of a stationary 
cavity into generalized Gaussian modes. The line disloca- 
tions in the Hermite-Gaussian modes are deformed into 
elliptical vortices. In a recent paper [21], we have shown 
that rotation can destabilize a two-mirror cavity that is 
stable in the absence of rotation. When such a transition 
is approached, the cavity modes lose their confinement 
in one transverse direction so that the elliptical vortices 
are stretched to become line dislocations again. This is 
illustrated in Fig. [5l 

An interesting but open question is how rotation would 
affect the optical properties of a geometrically unstable 
cavity, especially when close to the rotationally induced 
transition from an unstable to a stable geometry. A ge- 
ometrically unstable cavity is intrinsically lossy [16] and 
the propagation of light inside an unstable cavity is dom- 
inated by diffraction at the sharp edges of the mirrors 
[23 |. Both mathematically and physically this system is 
fundamentally different from the stable cavities that we 
have studied in this paper and it is not possible to apply 
or generalize our method to such a system. 

As opposed to a normal fluid, a spatially confined opti- 
cal cavity mode attains vorticity when it is put into uni- 
form rotation. In this respect, it has some similarity with 
superfluids and Bose-Einstein condensates. Compared to 
those systems, however, optical beams have many more 
degrees of freedom to cope with rotation. The phase 
of Bose-Einstein condensates and superfluids is fixed by 
the broken gauge invar iance. The only way in which 
such systems can attain orbital angular momentum, is 
by locally creating cylindrically symmetric vortices while 
keeping their phase fixed elsewhere. As a result, vortices 
appear only when the rotation frequency exceeds a cer- 
tain threshold and the number of vortices increases when 
the rotation frequency is further increased. For optical 
cavity modes, on the other hand, both the astigmatism of 
the phase and intensity patterns and the properties of the 
optical vortices are affected by rotation. Both contribute 
to the orbital angular momentum , which typically in- 
creases with increasing values of the rotation frequency 
even though the number of vortices does in general not 
increase. 

For typical values of the mirror separation, the rotation 
frequency corresponding to the cavity round-trip time is 
in the MHz-idinge. Although mechanical rotation fre- 
quencies in this range are not experimentally feasible, 
there are several possible routes towards experimentally 
realizing a set-up that captures the essential features of a 
rotating astigmatic two-mirror cavity. Mechanical vibra- 
tion frequencies in the MHz-idinge can be achieved by us- 
ing a piezoelectric actuator. Developing a similar device 
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to simulate rotations at Mi72;-frequencies is challenging 
but, at least in principle, not impossible. Another pos- 
sible way of realizing a set-up that is similar to the one 
that is discussed in this paper, is by applying a rotating 
astigmatic mode pattern, which can be constructed from 
its stationary Doppler-shifted frequency components, to 
optically induce a rotating refractive-index pattern in a 
material with a Kerr-nonlinearity. Such a pattern could 
be used in transmission to realize a two-mirror cavity 
with a rotating lens. The optical properties of such a 
cavity could be observed by using a laser at another wave 
length. Besides the dynamical realizations of the set-up, 
one could try to mimic the twisted mode propagation 
in the rotating frame by using image rotators. Since it 
is essential that back and forth propagating modes are 
rotated in the same direction, a two-mirror cavity with 
an image rotator between the mirrors does not do the 



job. Instead, one could use a ring resonator with four, 
pairwise identical, mirrors in which the light passes an 
image rotator after each mirror. Although the settings of 
the optical elements in this set-up are time-independent 
it does capture the optical properties of a rotating two- 
mirror cavity. A difficulty with this set-up is that the 
clockwise and counterclockwise propagating modes are 
frequency degenerate. In a passive set-up one of the two 
modes can be selected by injecting light in one direction 
only. In an active realization of such a set-up, the degen- 
eracy can be lifted by applying the polarization degree of 
freedom. 

It is a pleasure to thank Michiel J. A. de Dood and 
Eric R. Eliel for fruitful discussions regarding possible 
experimental realizations of the set-up that is discussed 
in this paper. 
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